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Breaking Down CCRVAM
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Why Not Just Use Correlation?

Pearson correlation only
captures linear relationships.
It is sensitive to marginals.
Limitations:

Doesn’t always exist (e.g.,
non-linear relationships).
Not invariant under
transformations.
ρ = 0 does not imply
independence.

We need something model-free
and margin-independent.

Idea: Use copulas to separate
margins from dependence structure!
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Copulas: Capturing Dependence, Margin-Free

Copula: A function that joins univariate margins into a joint
distribution. By Sklar’s Theorem: F (x, y) = C(FX(x), FY (y)).
Invariance: C stays the same under monotonic transforms
Capture complex (nonlinear) dependencies.

Challenge
EDA for Categorical Data is a real challenge especially due to the
curse of high-dimensionality.

Why Checkerboard Copulas?
For discrete data, copulas aren’t unique.
Checkerboard Copulas fill the “gaps” through bilinear-extension:

A valid, unique extension & Piecewise-constant density
A path to regression & association measures
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Checkerboard Copula Regression: Key Concepts

What is it?
A nonparametric, model-free method for exploring how an ordinal
response relates to categorical predictors.

Checkerboard Copula (CC)
discretized copula built from contingency tables

Copula Scores (CCS) — numeric values for ordered categories:

sj
ij

=
uj

ij−1 + uj
ij

2 , where uj
ij

=
ij∑

kj=1
P (Xj = xkj

)

CCR Function — conditional mean of copula scores:

rUj |U−j
(u−j) =

∑
ij

P (ij |i−j) · sj
ij

Interpretation: Average rank of response ⇒ ordinal prediction
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Prediction & Association from Checkerboard Copulas

Prediction (CCR)
CCR + marginal distribution =⇒ Predicted response category
Works for any mix of ordinal and nominal predictors

Association Measure (S)CCRAM

ρ2 = 12 · E
[(

rUj |U−j
− 0.5

)2
]

, ρ2∗ = ρ2

12σ2
Sj

ρ2: strength of regression dependence
ρ2∗: normalized (scaled to [0,1]) (R2-equivalent)

Bootstrap → prediction / CCRAM’s uncertainty
Permutation test → statistical significance of a given CCRAM
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ccrvam: Novel Python Package for Categorical EDA

Motivation
Lack of robust tools for multivariate categorical data with ordinal
responses (especially for methods in [39] and [22])

Our Goals
Bridge copula theory, multivariate categorical analysis, and
parallel computation
Provide end-to-end EDA workflows in Python

PyPI Published Link: https://pypi.org/project/ccrvam/
Documentation: https://ccrvam.readthedocs.io

Install: pip install ccrvam
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Flexible Data Loading in ccrvam

Supported Formats
Case Form: One row per observation of a category-combination
Frequency Form: Category tuple + count embedding
Contingency Table Form: Multidimensional NumPy array
Internal input validation pre-implemented for safety

1 # Load data from the cases
2 contingency_table = DataProcessor.load_data(
3 "caseform.pain.txt", "cases_form", (2, 3, 2, 6),

var_list_4d, category_map_4d, named=True↪→

4 )
5 # Initialize the GenericCCRVAM object
6 ccrvam_obj =

GenericCCRVAM.from_contingency_table(contingency_table)↪→
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Key Features of ccrvam

Core Analytical Capabilities
CCRVAM objects from multi-way contingency tables
Calculation of marginal and cumulative distributions
Checkerboard Copula Regression (CCR), CCRAM and SCCRAM
Statistical inference via bootstrap and permutation tests
Heatmaps, prediction plots, and confidence plots

Scalability, Customization, and Production Readiness
Optimized for speed: vectorized, cache-aware & parallel-ready
Highly customizable: flexible variable naming & display options
Well-tested: full unit test suite with Pytest, 93%+ coverage
Rich documentation via Sphinx, hosted on ReadTheDocs
Example workflows using Jupyter Notebooks
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Modular Software Architecture

Figure: Modular organization of core engine, simulations, and utilities
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User Workflow Overview

Figure: From data to insight — a streamlined EDA pipeline
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CI/CD Pipeline

Figure: Continuous Integration and Testing Pipeline through
GitHub Actions supporting Python versions from 3.8 to 3.13
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ReadTheDocs Documentation

Figure: Sphinx-Powered Detailed API Library Documentation
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Performance Benchmarking

Key Optimization Strategies
Vectorized operations: Replace Python loops + interoperability.
Cached statistics: Reuses conditionals to avoid redundant work.
Sparse-aware structures: Low-latency access for large tables.

Scalability in Practice
(S)CCRAM bootstrap on 2×3×2×6 table: < 5 seconds on
MacOSX.
bootstrap predict ccr summary(): (15 seconds)

Native parallelism via ProcessPoolExecutor
3× speedup on 7 cores (5 seconds)
15× speedup on 63 cores (FrostByte HPC) (1 second)

GPU-Ready: Supports CuPy for seamless CUDA acceleration.

Efficient. Scalable. Ready for High-Dimensional Data.
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Reflections & Lessons Learned

What Implementation Taught Us
Translating theory into code deepened understanding.
Visualization development improved user-friendliness especially
since Python was more verbose than R.
Unit testing became a form of error-proofing our software and it
often revealed gaps in reasoning.

Statistical Thinking as Engineering
Building reusable components encouraged abstractions.
Constraints sharpened insight into impact of optimizations.

Lesson: Theory & Code Co-Evolve—They Clarify Each Other
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Dataset Overview

Clinical Back Pain Study [1]
Response (Ordinal): Pain outcome — 6 ordered levels {Worse,
Same, SI, MODI, MARI, Complete Relief})
Predictors (Categorical):

X1: Length of Previous Attack (Short, Long)
X2: Pain Change (Better, Same, Worse)
X3: Lordosis (Absent/Decreasing, Present/Increasing)

Total predictors’ combinations: 2 × 3 × 2 = 12

Goal: Understand how categorical predictors affect ordered outcomes.
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CCR Predictions

X1 = 1 (Short) patients → generally better outcomes.
Joint Independence Baseline is Moderate Improvement (MODI)
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Bootstrap Confidence in Predictions

Most confident prediction: (Short, Better, Present) → Category 5
Least confident prediction: (Long, Better, Present)
→ Split between Categories 4 & 5
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(S)CCRAM Uncertainty & Significance Testing

Point Estimation Results
CCRAM: 0.2576
SCCRAM: 0.2687 (normalized)
∼27% of pain outcome variability explained by the 3 predictors.
Scaled version aids in cross-study comparisons.

Bootstrap (9999 resamples)
CCRAM CI: (0.185, 0.476)
SCCRAM CI: (0.069, 0.351)

Permutation Testing
p-value (CCRAM) = 0.0016
p-value (SCCRAM) = 0.0011
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Future Directions

Theoretical Extensions
Formalize conditional (S)CCRAM to assess partial associations
while controlling for confounders. [40]
Extend CCR framework to longitudinal structures. [22]
Explore interpretable decompositions of (S)CCRAM values to
enhance explainability. [40]

Computational and Software Advances
Improve scalability via sparse structures, approximate
inference, and internal GPU-accelerated computation.
Develop interactive visualization tools + bubble-plots for
exploring multivariate dependence dynamically.

Vision: Interpretable, Scalable, and Accessible Dependence
Analysis for Categorical Data
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Thank you for being a wonderful audience!

Let’s chat if you’re curious about anything!

I’m all ears for questions, feedback, and collaborations.

A detailed list of references, and additional content details can be
found in the thesis write-up.
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Motivation: Beyond Pearson Correlation

Scatter plots of (X1, X2) vs (Y1, Y2) show different structures.

Pearson correlations: ρ(X1, X2) ≈ 0.802 and ρ(Y1, Y2) ≈ 0.755
Limitation: captures only linear dependence.

Dhyey Mavani (Amherst College) CCRVAM: A Python Package April 2025 35 / 58



Limitations of Pearson’s ρ

Only detects linear dependence

Sensitive to marginals and transformations

ρ = 0 does not imply independence

May not exist (e.g., heavy-tailed distributions)

Conclusion: Need margin-free, nonlinear measures.
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Association vs. Dependence: A Closer Look
Dependence:

Knowing X gives information about Y .

Formally: P (X, Y ) ̸= P (X)P (Y ).
Any relationship — not necessarily linear or monotonic.

Association:

Usually monotonic (increasing/decreasing).

Large X → large Y (+ve association) or small Y (-ve association).

Measured by correlation, Spearman’s ρ, Kendall’s τ , etc.

Example: X ∼ N (0, 1)
Y = X2: (perfectly dependent)

No association — Y does not ↑ or ↓ consistently with X.

Y = X3: (perfectly dependent too!)
Strong positive association (monotonic relationship).

Summary: All Associations are Dependencies, but NOT vice-versa.
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Uniformizing Marginals: PIT and Standardization
Probability Integral Transform (PIT): F (X) ∼ Uniform(0, 1) if X ∼ F .
Quantile Transformation:F −1(U) ∼ F , where U ∼ Uniform(0, 1)

PIT isolates pure dependence.

Quantile match restores common marginals.
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Copulas: Formal Definitions & Theorems

Subcopula (for discrete data)
Function CS : D1 × D2 → [0, 1] satisfying:

Groundedness: CS(u, 0) = CS(0, v) = 0

Marginal consistency

2-increasing property

Copula
Full extension to [0, 1]2 domain.

Sklar’s Theorem: H(x, y) = C(F (x), G(y))

Copula separates margins from dependence

Invariance Principle: Strictly increasing transforms preserve copulas.
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Kendall’s τ and Spearman’s ρ (Continuous Data)

τ = E [sign((X1 − X ′
1)(X2 − X ′

2))] ρ = ρpearson(F (X1), F (X2))

Rank-based: depend only on the ordering of values, not magnitudes.

Margin-free: invariant under strictly increasing transformations (PIT).

Interpretation:

τ : probability difference between concordant and discordant pairs.
ρ: linear correlation of uniformized marginals.

Advantage: capture monotonic relationships without assuming linearity.
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Discrete Data: Challenges and Checkerboard Copula

Discrete margins ⇒ subcopulas only on grids.

No unique full copula; need extensions. Some options are:

Adding Random Noise to discrete data-points
Performing multilinear extension of distributions

Checkerboard Copula: fills gaps using multilinear interpolation.

c+(u) = pi1,...,id∏
j p+ij+
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Checkerboard Rank-Based Measures: τ+ and ρ+

τ+ = 4
∫

[0,1]2
C+(u, v)dC+(u, v) − 1 ρ+ = 12

∫
[0,1]2

C+(u, v)dudv − 3

Properly normalized

Monotonic transformation invariance

Robust for discrete data

Limitation: Only defined and valid for bivariate cases.
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Beyond Bivariate: High-Dimensional Dependence

Real-world categorical data often multivariate.

Need scalable, model-free association measures.

Checkerboard Copula Regression and (S)CCRAM generalize these
ideas.

Goal: Model-free categorical EDA with theoretical guarantees.
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Data Example: Multivariate Discrete Data

X1: Treatment dose (5 levels)

X2: Pain severity (3 levels)

Mild Moderate Severe
Very Low 0 0 2/8

Low 0 1/8 0
Medium 2/8 0 0

High 0 1/8 0
Very High 0 0 2/8

Dhyey Mavani (Amherst College) CCRVAM: A Python Package April 2025 45 / 58



Checkerboard Copula Density Visualization
Margins:

X1: {0, 2/8, 3/8, 5/8, 6/8, 1}
X2: {0, 2/8, 4/8, 1}

Blockwise constant density values
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Checkerboard Copula Scores (CCS)

Definition: CCS

sj
ij

= (uj
ij−1

+ uj
ij

)/2 for ordinal variable Xj .

Example CCS:

X1: (2/16, 5/16, 8/16, 11/16, 14/16)

X2: (2/16, 6/16, 12/16)

Properties:

Mean: µSj = 0.5

Variance: σ2
Sj

= 1
4

∑Ij

ij=1 uj
ij−1uj

ij
p+ij+

Derivations can be found in [39]
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CCR: Conditional Density, Regression & Prediction

c+(uj |u−j) =
pij |i−j

p+ij+
rUj |U−j

(u−j) =
∑

pij |i−j
sj

ij

Example: U2 on U1

Regression varies blockwise over u1 ranges. Table of rU2|U1 values
constructed.

Prediction process:

1 Find u∗
−j from predictor categories

2 Compute u∗
j = rUj |U−j

(u∗
−j)

3 Locate predicted category via marginal CDF

Example:
X1 = Medium predicts X2 = Mild.
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Visualization Methods
Cross-Tabulations:

Color-coded predicted categories for 2-way tables.

Overlay bootstrap proportions to assess uncertainty.

Contrast observed patterns vs. independence structure.

Bubble Plots:

Axes: combinations of predictors vs. response categories.

Dark dot = predicted category; bubble size ∝ bootstrap proportion.

Highlights interaction effects in high dimensions.

Doubledecker Plots:

Hierarchical splits: vertical (predictors) and horizontal (response).

Width = observed frequency; height = bootstrap-predicted proportion.

Ideal for temporal or ordered structures.

Null Comparisons:

Visually assess significance of dependence.
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Bootstrap Procedure for CCR and (S)CCRAM

We apply a nonparametric bootstrap to quantify uncertainty.

Steps:

1 Resample with replacement from the original dataset to create a
bootstrap sample (same size).

2 Estimate the CCR from the resampled table.

3 Predict the response category (for CCR) or compute (S)CCRAM from
the resample.

4 Repeat steps 1–3 for B resamples (e.g., B = 9999).

Output:

Empirical distribution of predicted categories or association scores.

Estimate of bootstrap standard error.

Confidence intervals derived from the distribution.
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Bootstrap Confidence Interval Methods

From the bootstrap estimates {θ̂b}B
b=1 (e.g., (S)CCRAM):

1. Percentile Method [5]

CI: [θ̂α/2, θ̂1−α/2]

Simple and intuitive; uses bootstrap quantiles directly.

2. Basic (Reverse Percentile) Method

CI: [2θ̂ − θ̂1−α/2, 2θ̂ − θ̂α/2]

Centers interval around original estimate.

3. BCa (Bias-Corrected and Accelerated) [9]

Adjusts for bias and skewness using data-dependent corrections.

CI: [θ̂BCa low, θ̂BCa high]

Offers better coverage in small or skewed samples.
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Comparison of Bootstrap CI Methods

Method Properties Notes
Percentile No bias correction;

direct quantiles from
bootstrap distribution

Fast, simple; may mis-
cover in skewed distri-
butions

Basic (Reverse
Percentile)

Assumes symmetric
bootstrap distribution

Reflects bootstrap er-
rors about original es-
timate

BCa Adjusts for both bias
and skew (accelera-
tion)

Most accurate; slower;
recommended in small
or skewed samples

Recommendation:

Use BCa unless the distribution is symmetric and unbiased.
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Prediction and Visualization

Prediction Pipeline: get predictions ccr() → plot ccr predictions()

Customization: Flexible variable naming, Side/x-axis legend styles, and
Exportable high-res graphics.
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A Peek into Underlying Probability Distributions

Marginal Distributions
61.4% of patients had long previous attacks
Pain change: Better (20.8%), Same (51.5%), Worse (27.7%)
Lordosis absent: 63.4%
Outcome: 60% reported at least moderate improvement

Treatment is generally effective,
but patient characteristics seemingly matter.
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Bootstrap Analysis of (S)CCRAM
Uncertainty Quantification:

CCRAM 95% BCa CI: (0.1849, 0.4762)

SCCRAM 95% BCa CI: (0.0691, 0.3509)
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Permutation Testing for Statistical Significance
Permutation Test Results:

CCRAM p-value: 0.0016 and SCCRAM p-value: 0.0011

Conclusion: Strong evidence against H0; observed dependence is
statistically significant.
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